be a Schrödinger operator on n  . We show that gradient estimates for the heat kernel of H with upper Gaussian bounds imply polynomial decay for the kernels of certain smooth dyadic spectral operators. The latter decay property has been known to play an important role in the Littlewood-Paley theory for p L and Sobolev spaces. We are able to establish the result by modifying Hebisch and the author's recent proofs. We give a counterexample in one dimension to show that there exists V in the Schwartz class such that the long time gradient heat kernel estimate fails.
Introduction
. As is well-known, the decay estimate in (4) implies the Littlewood-Paley inequality for ) ( n p L  [3] [4] [5] [6] . For positive V , based on heat kernel estimates one can show (4) by a scaling argument [2] . In this paper we will prove the general case, namely Theorem 1, by modifying the proofs in [7, 8] and [2] .
However, in general the gradient estimates (1), (2) do not hold for all t . This situation may occur when H is a Schrödinger operator with negative potential, or the sub-Laplacian on a Lie group of polynomial growth, cf. [9] [10] [11] [12] . A second part of this paper is to show such a counterexample, based on Theorem 1.
Recall 
When V is positive, a result of the above type was proved and applied to the cases for the Hermite and Laguerre operators [1] . The observation was that if 0  V , then the constants corresponding to Lemma 2 do not change for
(called scaling-invariance in what follows), according to the Feynman-Kac path integral formula [13] ( ( )) 0 , for which we directly use the scaling information indicated by the time variable appearing in Lemma 2. Thus this leads to the proof of the main theorem by combining methods of Hebisch and the author's in [7, 2] .
In Section 3 we give a counterexample to show that for 
A corollary is that (3) implies the Littlewood-Paley inequality 
Heat Kernel Having Upper Gaussian Bound Implies Rapid Decay for Spectral Kernels
In this section we prove Theorem 1. Following [7] we begin with a simple lemma. 
is unitary, then the equality holds.
Let w be a submultiplicative weight on
as follows:
The following lemma is a scaling version of [8,
, there exists a constant ) , ( = a n c c depending on a n, only such that for all
Proof. (a) First we show the case
, then by Lemma 2 we have, with
where we note that by (6) 
It is easy to calculate that 
, then Lemma 2 tells that with
where we set
We also need a basic property on the weighted 
, then g has the Fourier series expansion on I
, and so
It follows from Lemma 4, (10) and Lemma 5 that for each y
and the last inequality follows from a change of variable and interpolation. [15] . Also (9) holds
Remark 7 Let
  V V V = , 0   V on n  , 3  n .whenever 0  V is locally integrable on n  , 1  n .
Proof of Theorem 1
With (3) and Lemma 6 we are in a position to prove (4). The proof is similar to that of Proposition 3.3 in [2] in the case of positive V . For completeness, we present the details here. , we obtain 
A Counterexample to the Gradient Heat Kernel Estimate
Consider the solvable model
We know from [5] that solving the Helmholtz equation
yields the following formula for the continuum eigenfunctions:
is defined by the recursion formula 1 1 (tanh , ) 
is the kernel of 
Decay for the Kernel of
. In [5] we showed that for each N (16) In particular, the decay in (15) 
and it is easily to see that for each N , there exists N c such that for all j
. By (12) , (11) and integration by parts we have
which can be written as a finite sum of
are polynomials of degree  2  . We obtain for each N and all 0  j
In order to show part (c) for
, using partial fractions we write ) , ( y x K j as a finite sum of
which is bounded by (up to a constant multiple)
. The general term in the sum is estimated by 
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